Totally Geodesic Orbits of Groups of Isometries  by Hermann, Robert
MATHEMATICS 
TOTALLY GEODESIC ORBITS OF GROUPS OF ISOMETRIES 
BY 
ROBERT HERMANN 1) 
(Communicated by Prof. H. FREUDENTHAL at the meeting of January 27, 1962) 
I. Introduction and Notations 
Our general problem is: Given a connected Lie group L of isometries 
of a Riemannian manifold M, which orbits of L are totally geodesic in M? 
In case L is one-dimensional, a more-or-less complete answer has been 
given in [ 4] 2): There is a function on M whose critical points are the 
geodesic orbits. Consideration of other simple geometric examples suggests 
that the phenomenon is more general, that the totally geodesic orbits 
are in some sense critical points of the orbit space or of a function on the 
orbit space 3). Our work on totally geodesic sub-spaces and orbits will 
be devided into two parts: (a) Description of the totally geodesic orbits 
of certain maximal groups of isometries on compact, irreducible symmetric 
spaces. (b) Further investigation of the Hessian and geometric properties 
of the critical points of the length function of a Killing vector field. 
All manifolds, tensor-fields, groups and action of groups, maps, etc. 
will be of differentiability class coo unless mentioned otherwise. It will 
be assumed that all groups acting as transformation groups act effectively, 
i.e. no element of the group except the identity induces the identity 
transformation. If M is a manifold, Mx denotes the tangent space to M 
at x EM, C(M) denotes the ring of coo real-valued functions on M, V(M) 
the set of vector-fields on M considered both as a module over C(M) 
and as a real Lie algebra under the Jacobi bracket operation. Let G be 
a Lie group acting on M. ForgE G and x EM, gx, g·x or Tg(x) will denote 
the transform of x by g. G, the Lie algebra of G, may be identified with 
a Lie subalgebra of V(M): For X E G, x EM, X(x) is the tangent vector 
1 ) Lincoln Laboratory, Massachusetts Institute of Technology, operated with 
support from the U. S. Army, Navy, and Air Force. 
2) In [4], the points of M lying on geodesic orbits were characterized as the 
projection of the critical points of a function on the tangent bundle of M. K. N omizu 
has pointed out that they can be more simply described as the critical point of 
the length of the Killing vector field that is the infinitesimal generator of L. 
3 ) Think, for example, of the group of rotations of the sphere leaving the north 
pole invariant. Further, T. Frankel has shown [3] that, in the case where L is a 
classical group acting on itself via the adjoint action, the totally geodesic orbits 
are the critical points of the trace function. 
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to the curve t -+ Exp (tX) · x at t = 0. Then, 
Tu*(X(x)) =Ad g(X)(gx). 
(To* is the linear map on tangent vectors defined by Tg). 
2. Totally Geodesic Orbits on Symmetric Spaces 
Let M be a manifold with an affine connection and let N be a sub-
manifold. Recall that N is said to be geodesic at a point x if every geodesic 
of the affine connection that is tangent to N at x lies completely in N. 
N is totally geodesic if it is geodesic at each of its points. 
Suppose that M =G/K is the space of left cosets of G, a connected 
Lie group by a closed subgroup K. We assume that G acts effectively 
on GjK, i.e. that no invariant subgroup of G is contained in K. G acts 
on Mas follows: T 0(goK)=ggoK for g, go E K. G, the Lie algebra of G, 
is identified with a subalgebra of V(M). Let x0 be the identity coset. 
We suppose that K is reductive in G [8], i.e. there is a subspace M C G 
with: 
G=K EB M, Ad K(M) C M. 
Then, M is identified with Mx0 via the map X-+ X(x0 ). Similarly, 
Ad g(M) is identified with Mux0 , via the map 
Let P : G -+ M be the projection of G on M in the direction K. Then, 
P 0 =Ad gP Ad g-1 is the projection of G on Ad g(M) in the direction 
Ad g(K). 
There is a standard torsion-free affine connection on M invariant 
under G [8]; we shall only use this connection. 
2.1. Let L be a connected subgroup of G and let x=gx0 be a point of M. 
Lx is totally geodesic if P 0 (L) C L. 
Proof. First we observe that P 0 (L) C L is equivalent to 
P(Ad g-l(L)) CAd g-l(L). 
Thus without loss of generality we can suppose that g is the identity, 
and we must prove that Lxo is totally geodesic if P(L) C L. Since L acts 
transitively on Lx0, it suffices to prove that Lx0 is geodesic at x0• 
For any X E L, we know that X and P(X) determine the same tangent 
vector at x0 , and this vector is tangent to Lx0• Nomizu's torsion-free 
affine connection has the property that, for any Y EM, the curve 
t-+ Exp (tY) · xo is a geodesic that is tangent to the tangent vector defined 
by Y at xo. If Y EM n L, this geodesic lies in Lx0 , since the one-parameter 
subgroup t-+ Exp (tY) generated by Y lies in L. Using the fact that 
geodesics are uniquely defined by their tangent vectors at one point, 
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we see that every tangent vector to Lxo at Xo is tangent to a geodesic 
that lies in Lxo, hence Lxo is geodesic at xo. q.e.d. 
Proposition 2.1. Suppose that M =GfK is a symmetric homo-
geneous space, that L is a maximal connected subgroup of G and that 
s : G ~ G is the involutive automorphism such that 
K={X E G: s(X)=X} and M={X E G: s(X)= -X}. 
Then, L(gxo) is totally geodesic in M if and only if Ad gs Ad g-l(L) C L. 
In particular, if G is compact, semi-simple, if L is also a symmetric sub-
algebra of G, i.e. if there is an involutive automorphism r: : G ~ G with . 
L= {X E G : r:(X)=X}, then Ad gs Ad g-1 and r: commute 4). 
Proof. 2.1 proves that Lgxo is totally geodesic if Ad gs Ad g-l(L) C L 
(Since P in this case is !(1-s)). To prove the converse, it suffices to 
suppose g=identity. Note that the symmetry at x0, i.e. the trans-
formation reversing the geodesics, induces s, and leaves Lx0 invariant. 
We must then have s(L) C L, for otherwise there would be a subgroup 
of G bigger than L leaving Lxo invariant. Notice now that s leaves 
invariant the orthogonal complement of L in G with respect to the 
Cartan-Killing form, i.e. s permutes the eigenvectors of r:. This means 
that s and r: commute. q.e.d. 
Define S = {g E G : sr:(g) = g }, 
a closed subgroup of G. Note that: 
s(S) C S, r:(S) C S, 
K n L= {g E S : s(g)=g=r:(g)}, and that 
S=KnLE!)MnN, 
where N ={X E G : r:(X) = -X}. Further the orbit of S at x0 is a totally 
geodesic submanifold of M =GfK, and SfK n L is a symmetric homo-
geneous space. Let T be a maximal abelian subalgebra of M n N, and 
let T be the corresponding connected closed subgroup of S whose Lie 
algebra is T. Suppose that G is compact and that GfK =M has a 
Riemannian metric induced by a positive definite quadratic form on G 
invariant under Ad G. 
Theorem 2.2. T·xo is perpendicular to all the orbits of Land meets 
each orbit at least once5). If s(L)CL, an orbit L·gxo, for gET is totally 
geodesic if and only if Ad g4=identity. In particular, there are only a finite 
number of totally geodesic orbits of L. 
4 ) It seems to be an unknown question whether two involutive automorphisms 
can be made to commute by changing one of them by an inner automorphism. 
Proposition 2.1 then, shows the geometric nature of this algebraic problem. 
5) That the action of L on GJK admits a sort of flat "fundamental domain" 
was pointed out to me by R. Bott. 
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Proof. It follows from the fact that T·xo is a flat, totally geodesic 
subspace of M that T is perpendicular to all orbits of L it touches, since 
it is perpendicular at x0 [6]. To prove it touches all at least once, proceed 
as follows: For x EM, there is a shortest geodesic cr : [0,1] -J>- M with 
cr(O)=x, cr(1)ELx0• We can suppose, without changing the orbit of L 
that x lies on, that cr( 1) = xo. Then cr' ( 1) can be identified with an element 
of P(L).L n M=L.L n K.t. Changing cr by an element of Ad (K n L), 
which again does not effect the orbit of L that x lies on, we can suppose 
cr'(1) ET, i.e. cr(t) ET·xo, O.;;;t.;;;l. 
Next, suppose Lg x0 is totally geodesic, with gET. Thus, by Proposition 
2.1, Ad gs Ad g-l(L)=L. Hence, L=Ad gs Ad g-l(L)=Ad g2s(L)=Adg2(L). 
gET implies that there exists X E T with g=Exp X, hence Ad g= 
=cosh (Ad X)+sinh (Ad X). Since [L, N] C N and [N, N] C L, this is 
possible (recall that G is compact) only if all the eigenvalues of Ad 2X 
are multiples of V -1n, i.e. if Ad Exp 4X =Ad g4=identity. q.e.d. 
3. The Critical Points of the Length of a Killing Vector Field 
Now, we will suppose that M is a manifold with a Riemannian metric, 
i.e. for x EM, ( , ) is a positive definite quadratic form on Mz. If X is 
a vector field on M and v E M z, V vX E M z denotes the covariant derivative 
of X in the direction v. If Y is a vector field, \JyX is the vector field 
x -J>- 'VY<z>X. Recall that: 
3.1. \lxY-\lyX=[X,Y] [7]. 
Suppose X is a Killing vector field, i.e. the one-parameter pseudo group 
generated by X is a group of isometries. Recall the well-known in-
finitesimal conditions: 
3.2. (\luX,v)+(\lvX,u)=O for all u,vEMx, all xEM. 
From this, one derives the conditions: 
3.3. \lv \lvX =Rx(v, X(x))(v) for all v E Mx, all x EM, 
where Rx( , )() denotes the Riemann curvature tensor. Suppose X and 
Y are Killing vector fields, and f(x) = (X(x), Y(x)). Then, for v E Mz, 
3.4. df(v)=(\lvX, Y(x))+(X(x), VvY) = -('VY<x>X+ \lx(x)Y, v), i.e. 
gradf=-(\lyX+VxY)= -2\lyX+[Y,X], by 3.1. 
Now, 
\lv 'Vvf= ( \lv \lvX, Y(x))+2( \lvX, \lv Y)+ (X(x), \lv \lv Y) = 
= (Rx(v, X(x))(v), Y(x)) + 2( \lvX, 'Vv Y) + (X(x), Rx(v, Y(x))(v)) = 
= - (Rx(v, X(x))(Y(x)) +Rx(v, Y(x))(X(x)), v)- 2( \l (V'.YJX, v), i.e. 
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3.5. If x is a critical point of f, the Hessian of f at x is the linear 
transformation: 
v-+ -2 V (VY)X -Rx(v,X(x))(Y(x))-Rx(v, Y(x))(X(x)). 
Theorem 3.1. Suppose that X and Yare Killing vector fields on the 
Riemannian manifold M. 
(a) x EM is a critical point for f =(X, Y) if and only if [X, Y]- 2 V yX = 0 
at x. 
(b) If [Y, X]=O, x is a critical point of f=(X, Y) if and only if X 
restricted to the orbit of Y starting at x is self-parallel. 
(c) xis a critical point of f=(X, Y) if and only if the orbit of X starting 
at x is a geodesic. 
(d) The Hessian of f= (X, Y) at a critical point is given by 3.5. 
(e) Any connected component of the set of points at which X vanishes is 
a totally geodesic, non-degenerate critical manifold for f= (X, X). 
(f) If the sectional curvature of M is non-positive and if M is complete, 
then there is at most one critical value of f=(X, X), the absolute minimum, 
and the set of all critical points is a connected, totally geodesic submanifold 
of M. 
Proof: An orbit of Y is a curve a : [0, a]-+ M such that a'(t) = Y(a(t)), 
O.;;;t.;;;a, where a'(t) denotes the tangent vector to a at t. If [Y, X]=O, 
then f= (X, Y) is invariant under the one parameter group of isometries 
defined by Y. Hence, if a( 0) = x, and grad f = 0 at x, it is zero at all 
points of a. By 3.4 this proves a), since then Va'<t>X =0 for O.;;;t.;;;a. 
If X= Y, a is a geodesic, since this says that its tangent vector field is 
self-parallel. 
We deal now withe). Suppose then thatX(x)=O. LetNx= {v : VvX =0}. 
It is known that the connected component of {y EM : X(y)=O} is a 
totally geodesic submanifold and its tangent space at x is N x [7] while 
it is clear from 3.5 that N x is also the null-space of the Hessian. This 
proves that it is a non-degenerate critical manifold. 
To prove d), suppose a : [0, 1] -+ M is a geodesic. Then 
from our computations and the assumptions about the sign of the 
curvature. (Recall that the sectional curvature in the plane determined 
by v1 and v2 is 
_ (Rx(Vr, v2)(v1), (v2)) 
!v1 "v2l2 · 
If a(O) is a critical point off, i.e. (djdt)f(a(t)) = 0 at t = 0, then (dfdt)f(a(t)) > 0 
for all t, and t-+ f(a(t)) is increasing. Then, if a critical point exists it 
must be an absolute minimum for f. 
Suppose a(l) is also a critical point for f. Then, (dfdx)f(a(t))=O at 
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t= 1, here (djdt)f(a(t)) = 0 for all t, and f(a(t)) is a constant, hence always 
a critical point. q.e.d. 
Now we turn to asking what happens when larger isometry groups 
act on M. 
3.6. If X, Y and Z are vector fields, Z is an infinitesimal isometry, 
and /=(X, Y). 
Z(f)=([Z, X], Y)+(X, [Z, Y]) 
Z(Z(f))=([Z, [Z, X], Y)+2([Z, X], [Z, Y])+(X, [Z, [Z, Y]]). 
Remark. One can derive from 3.6 many results on the non-existence 
for compact M of Lie algebras of Killing vector fields with certain types 
of algebraic structure. As the simplest examples, we have: 
3.7. Suppose M is compact, that Z is a Killing vector field, and that 
X is a vector field such that either : 
a) [Z, X]=A.X, A.#O, 
b) [Z, [Z, X]]=A.zx, A.#O. 
Then, X= 0 identically. 
In each case, we have only to take /=(X, X), look for a maximum 
point Xo of f, and, using 3.6, contradict that f is not identically zero. 
Returning to the general case, let C(X) be' {Y E V(M) : [X, Y]=O 
and Y is a Killing vector field}, and suppose that C(X) generates a Con-
nected Lie group C(X) of isometries of M. Then, if x is a critical point 
of/= (X, X), C(X) ·X is a critical manifold off, and one would hope in 
the most favorable cases that this would be a non-degenerate critical 
manifold in the sense of BOTT [1 ], hence Bott's method could be used 
to construct "cell" decomposition of M that are in some sense compatible 
with a differential-geometric structure. This was the motivation for the 
work of [5]: Take M to be a compact irreducible symmetric space with 
G the group of isometries and take X to be an element of G, considered 
as a Killing vector field on M. For example, the "natural" cell decom-
position of the n-spheres is obtained in this way: If X is the one para-
meter group corresponding to rotation about the central axis, the only 
critical points are the poles and the equator. The equator is a non-
degenerate critical manifold, in fact a totally geodesic orbit, and the 
process can be iterated. 
It is clearer now however that it is difficult to carry out the details 
of this program, and that T. FRANKEL's method [3] of constructing 
functions with non-degenerate critical manifolds seems to be more 
manageable, at least for the classical spaces. Hence we only will present 
the main result of [5], a sufficient condition that C(X) ·X be a {non-
degenerate critical manifold when M is a symmetric space. 
Theorem 3. 2. Let G be a connected, semi-simple Lie group, K a 
closed subgroup such that K is a symmetric subalgebra of G associated with 
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an involutive automorphism s :G----7-G. Let X EG, O(X)= {gEG :Adg(X)=X}, 
x=g·xo EGjK. Let (,) be a definite (not necessarily positive) quadratic 
form on G invariant under Ad G and s, and consider the corresponding 
pseudo-Riemannian metric on M. If x is a critical point of the length 
function f that the Killing field X induces on M, and if Ad X Ad gs Ad g-1 : 
: G ----7- G can be diagonalized 6), then O(X) · x is a non-degenerate critical 
manifold for f. 
Proof. Let M={X E G: s(X)= -X}. It follows that (K, M)=O. Let 
P : G ----7- M be the projection. Then, if x = g · x0 , 
f(x) =!(X, X)- (sAd g-1(X), Ad g-1(X)). 
Computing the condition that x be a critical point and computing the 
Hessian at x is now a straight-forward matter. We present the results: 
3.8. x=gxo is a critical point off if and only if: 
[X, Ad gs Ad g-1(X)] = 0. 
Put: Xu= Ad gs Ad g-l(X), T = - 2Ad X Ad X 0 • 
3.9. If x=g·xo is a critical point of f, and if M is identified with 
Ad g(M), then the Hessian of f at x is the quadratic form on 
Ad g(M) : Y ----7- (Y, T(Y)). 
It is then clear that Ad gP Ad g-l(C(X)) C kernel T. We must prove the 
converse. We use a dimension argument. 
dim (Ad gP Ad g-l(C(X)) =dim C(X) -dim (C(X) n Ad g(K)). 
T =- 2(Ad X Ad gs Ad g-1)2 restricted to Ad g(M) dim kernel (Ad X 
Ad gs Ad g-1)2=dim kernel (Ad X Ad gs Ad g-1), since Ad X Ad gs Ad g-1 
can be diagonalized. The righthand side also equals dim kernel (Ad X)= 
dim C(X). Then, 
dim kernel T =dim C(X)-
- dim kernel [ (Ad X Ad gs Ad g-1 )2 restricted to Ad g(K)] 
.;;; dim C(X)- dim (C(X) n Ad g(K)) 
.;;; dim (Ad gP Ad g-1(C(X)). Q.E.D. 
Corollary 3. 3. If C(X) is a maximal subalgebra of G and if 
O(X) · (gxo) is a totally geodesic submanifold of M, then this submanifold 
consists of critical point of f=(X, X). In particular, if all critical points 
of f satisfy the hypotheses of Theorem 3.2, then the totally geodesic orbits 
of C(X) in M are isolated. 
6 ) There is a mistake in the statement of Theorem 1 of [ 5]; namely, this 
condition was omitted from the hypothesis. 
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Proof. We know that C(X) is totally geodesic if and only if 
s(Ad g(C(X)) CAd g(C(X)). 
But, this implies that g satisfies 3.8, i.e. that gxo is a critical point of f. 
Remark. It may be conjectured that, if a connected Lie group L 
acts on a Riemannian manifold M, and L is in some sense maximal, 
then the totally geodesic orbits are isolated if they are not all of the 
same dimension. We can only prove the following much weaker result. 
Theorem 4.4. If all the orbits of L are closed and totally geodesic 
in M, then they are all of the same dimension. 
Proof. Suppose that a : [0, 1]--+ M is a geodesic transversal to the 
orbits of L and that X E L. 
3.9. (djdt)(X(a(t), X(a(t)) = 2( v a'ltl X, X)=- 2( v Xialf)) X, a'(t)) = 0 
for, v Xialtll X is tangent to La(t), since it is totally geodesic, while a'(t) 
is perpendicular to La(t). 
This implies that if X(x)=O, then X(y)=O for ally that can be joined 
to x by a geodesic orthogonal to L, i.e. for at least one point on each 
orbit of L. This implies that the isotropy group of L has the same 
dimension on all orbits, Q.E.D. 
This argument proves a little more: For x E M, let Lx = {g E L : gx = x }. 
Then for y on a geodesic starting at x and orthogonal to L and sufficiently 
close to x, LY C Lx. There is a map Ly --+ Lx induced by the inclusion. 
3.9 says that this map is an isometry in the induced metrics. 
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